AROUND A SOBOLEV ORLICZ INEQUALITY 
FOR OPERATORS OF GIVEN SPECTRAL DENSITY 



MICHEL RUMIN 

Abstract. We prove some general Sobolev-Orlicz, Nash and Faber-Krahn inequalities for 
positive operators A of given ultracontractive spectral decay F{X) = ||xa(]0, A])||i,oo. For 
invariant operators on coverings of finite simplicial complexes this function is equivalent 
to von Neumann spectral density. This allows in the polynomial decay case to relate the 
Novikov-Shubin numbers to Sobolev inequalities on exact i!^-cochains, and to the vanishing 
of the torsion of the ^^'''^-cohomology for some p > 2. 



1. Introduction and main results 

Let ^ be a strictly positive self-adjoint operator on a measure space {X,fj,). Suppose 
moreover that the semigroup e~*^ is equicontinuous on L^{X). Then, according to Varopoulos 
1 15, K, a polynomial heat decay 

||e-*^||i,oo < with a>2, 

is equivalent to the Sobolev inequality 

(1) \\f\\p<C'\\A'/^f\\2 for l/p = l/2-l/a. 

This result applies in particular in the case A is the Laplacian acting on scalar functions of a 
complete manifold, either in the smooth or discrete graph setting. 

The first purpose of this paper is to present short proofs of general Sobolev-Orlicz inequal- 
ities that hold for positive self-adjoint operators, without equicontinuity or polynomial decay 
assumption, knowing either their heat decay, as previously, or their "ultracontractive spectral 
decay" F{X) = ||n;v||i^oo of their spectral projectors Hx = xa(]0,A]) on Ex. As will be seen in 
Sections |^ and ^, the interest for this former F{X) mostly comes from geometric considerations. 
For instance if ^ is a scalar invariant operator over a discrete group F, or more generally an 
unimodular one, then -F(A) coincides with von Neumann's F-dimension of Ex, and thus F 



represents the spectral density function of A, see Proposition 4.2. In the general setting the 



spectral decay F stays a right continuous increasing function as comes from the identity 

|2 

ll,2 



(2) ll^*^lli,oo = ||P||?,2 = sup \{Pf,Pg)\. 



Il,ll9l|i<l 
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We state the Sobolev-Orlicz inequalities we shall prove. In the sequel, if is a monotonic 
function, will denote its right continuous inverse. 

Theorem 1.1. Let A be a positive self-adjoint operator on (X, fi) with ultracontractive spectral 
projections Ii\ = Xyl(]0, A]), i.e. F{\) = ||nA||i,oo < +oo- 

dFiu) 

Suppose moreover that the Stieljes integral G(X) = / converges. Then any non 

Jo u 

zero f G L'^{X) n (ker A)-*- of finite energy £{f) = {Af, f)2 satisfies 
(3) I H{W^V^<1, 



X 4£(/) 

where H{y) = yG~^{y). 

The heat version of this result has a similar statement (and proof). 

Theorem 1.2. Let A he a positive self-adjoint operator on {X,iJ,) such that L{t) = \\e''^'^'\lv\\i,oo 
is finite, with V = L'^{X) n (ker^)-^. 

/ + 00 
L{u)du < +0O. Then any non zero f £ V of finite 

energy satisfies 

(4) /A^(^)'^M<ln2, 
where N{y) = y/M^^{y) 



X V4f(/)y 



Both results give (effective) Sobolev inequalities (|T]) in the polynomial decay case for F or 
L. At first, one sees easily that the transform from to G is increasing, see (jl3|), while G to 
H is decreasing. Therefore, if F{\) < CA° for a > 1, then G{\) < CiX^-^ with Ci = 

and H{y) > cf^y^^. Hence (|) reads Wfha/ia^i) < 2G^\\Ay^f\\2. 

Under convexity assumptions, H and A^-Sobolev inequalities (^) and (§) imply some general 
Nash and Faber-Krahn inequalities, see (|l8|) and (p^). This approach assumes some thinness 
of the near-zero spectrum, as required by the convergence of G or M. Since the classical Nash 
inequality makes sense for thick spectrum, one may look for a direct proof. From heat decay 
to Nash, such a derivation has already been obtained for general operators by Coulhon, see 
1^ and the survey 0. Therefore we will focus here on the relationship between the spectral 
density F and Nash. This states as follows. 

Theorem 1.3. Let A be a positive self-adjoint operator, with finite F{X) = ||n;v||i^oo, and a 
non zero f £V = L'^{X) n (ker^)-^. 
• Then it holds that 

(5) jjf(,fp-^{\l^y,<,e(f). 

• If tp is a convex function such that < <.p{y) < yF^^{y), then the Nash-type inequality holds 

2 

I 

1 



(6) \\ffM^)<2S{f). 
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• In particular if f and Af are supported in a domain ^ of finite measure, the Faber-Krahn 
type inequality is satisfied 



12 

As an illustration, if one can take above ip{y) > CyF~^{y) for some constant C, for instance 
^{y) = yP~^{y) if convex itself, then (|^ shows that a non zero state / G ^ of energy 
£{f) < -^11 /II 2 support Q satisfies the simple uncertainty principle 

(8) 2^i{n)F{4X/C) > 1 . 

On groups this fits well with the interpretation of F(A) as a renormalised "density" of dimension 
of Ex per volume. More concretely, for any invariant positive scalar operator on a finite group 
r, one has by Proposition 4^ that F{X) = dim£^A/card(r), and thus (^) reads 

2 dim E^x/c ^ card(r)/card(r2) . 

Except for the multiplicative constants 2 and 4/C this formula is quite sharp in general. 
Indeed it could happen in some case that F be tiled by = card(r)/card(r2) copies of such 
domains il, implying by min-max principle that dimii^;^ > N there. 



The Sobolev-like inequalities in Theorem |L1| and |L2| are not restricted to scalar functions 
and apply in particular to the following setting. Let K he a finite simplicial complex and 
X ^ K = X/T some covering. One considers on X the complex of £^ /c-cochains with the 
discrete coboundary 

dk : fx'' ^ fx''+^ 



dual to the usual boundary d of simplexes, see e.g. ||13|, §3]. 

Its (i'^) cohomology F[2~^^ = kerdk+i/lmdk splits in two components : 

• the reduced part H2^^ = kei dk-^-i/lmdk, isomorphic to £^-harmonic cochains H2~^^ = 
ker dfc+i H ker d^, 

• and the torsion T2~^^ = Imdk/luidk- 

Although this torsion is not a normed space, one can study it by "measuring" the unbound- 
edness of d^^ on Imdk- We will consider here two different means. 

- A first one is inspired by ^^'"^-cohomology. One enlarges the space ('^X'' to i^X'' for p > 2, 
and asks whether, for p large enough, one has 

(9) dkiPX^f Cdkil^X''), 
This is satisfied in case the following Sobolev identity holds 

(10) 3C such that ||a||p < C||(ifca||2 for all a G (ker 4)^ C f . 

The geometric interest of the rougher formulation (|9|) lies in its stability under the change of 
X into other bounded homotopy equivalent spaces, as stated in Proposition 5^. Moreover if 
H2^^{X) vanishes, then (|9|) is equivalent to the vanishing of the torsion of the ^^'^-cohomology 
of X, as will be seen in Section ^. 

- The second approach is spectral and relies on von Neumann F-dimension. Consider the F- 
invariant self-adjoint A = d^^dk acting on (ker rffc)-*- and the spectral density Fr,fc(A) = dimp Ex 



4 



MICHEL RUMIN 



of its spectral spaces Ex. This function vanishes near zero if and only if zero is isolated in 
the spectrum of A, which is equivalent to the vanishing of the torsion T2~^'^. The asymptotic 
behaviour of Fr,fc(A) when A \ has a geometric interest in general since, given T, it is an 
homotopy invariant of the quotient space K, as shown by Efremov, Gromov and Shubin in 

i, MM- 

One can compare these two notions in the spirit of Varopoulos result ([l]) on functions. In 
the case of polynomial decay one obtains. 

Theorem 1.4. Let K be a finite simplicial space and X —> K = X/T a covering. Let 
Fr.kW = dimr -Ea denotes the spectral density function of A = dl.dk on (kerdfc)-*-. 

If Pv,kW < CA"/^ for some a> 2, then the Soholev inequality (|Tc|), and the inclusion (P), 
hold for 1/p < 1/2 - 1/a. 

If moreover the reduced £^-cohomology H^'^^X) vanishes, this implies the vanishing of the 
^^'^-torsion of X, as stated in Corollary 5.4. 

Other spectral decays than polynomial can be handled with Theorem LI, leading then to 
a bounded inverse of d^ from Imd^ Pi l"^ into a more general Orlicz space given by H. 

2. Proofs of main inequalities 



The first step towards Theorems 1.1 and 1.2 is to consider the ultracontrativity of the 
auxiliary operators ^"^IIa and A~^e~^^Ilv- 

Proposition 2.1. • Let A, F and G be given as in Theorem LA. Then A~^Ilx is ultracon- 
tractive with 

dF{u) 



u 

-l^-tAi 



(11) p-'nA||i,oo < G(A) = [ 

Jo 

• Let A, L and M be given as in Theorem lA. Then A~^e~^^Ylv is ultracontractive with 

/ + 00 
L{s)ds. 

Proof. • The spectral calculus gives 

A~^{nx-Tle) = / u^^dn^ = A^^Ha - e^^n^ + / u-'^Iiudu, 

J]e,\] J]e,\] 
thus taking norms, one obtains 

\\A-^{Tlx - ne)||i,oo < A-^F(A) + e-^F{e) + [ u-^F{u)du 

= G(A) - G{e) + 2£-^F{e) . 
Now by finiteness of G, one has Hn^/eHi^oo = Fi^)/^ 1^ G{e) when e \ 0, hence by (|2|) 
\\A-^Ux\\i,o. = \\nxA-^/^Ux\\l2 

= lim II (Ha - Ue)A~^/^Ux\\l 2 by Beppo-Levi, 

= iimp-i(nA-n,)||i,oo <G(A). 

e— >0 
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We note that we also have 

(13) G{X) = X-^F{X)+ [ u-^F{u)du, 

Jo 

which shows the useful monotonicity of the transform from F to G and H. 

• The heat case (|l2|) is clear since A~^e~*^ny = f^°^ e~'^"^Ilvds by the spectral calculus. 



□ 

The sequel of the proofs of Theorems |L2| and [L^ relies on a classical technique from 
real interpolation theory, as used for instance in the elementary proof of the — Sobolev 
inequality in given by Chemin and Xu in This consists here in estimating a level set 
{x, |/(x)| > y} by using an appropriate spectral splitting of / = Hxf + n>A/ for f £ V. 

2.1. Proof of Theorem By (|) and ^ one has p-^/2n;^||2^ < qi^x), hence 

(14) \\U,f\\l<G{X)\\Ay^fg = G{X)£{f). 

Then suppose that \f{x)\ > y, with = AG{X)£{f). As |nA/(x)| < y/2 by (|l|), one has 
necessarily \Ilyxf{x)\ > y/2 > \Ilxf{x)\ and finally 

(15) |/(a;)|2<4|n>A/(x)|2 on {x G X | |/(x)|2 > 4G(A)f (/)} . 
Hence a first integration in x gives, 

|/(x)|2(i^<4||n>A/||L 



/ 



'{x,|/(x)|2>4f(/)G(A)} 

and a second integration in A, 



1/(^)1^ 



X 



A£{f) V 4£if) 



x) < 



£(/) 



where G ^{y) = sup{A | G(A) < y}. At last the spectral calculus provides 

f + OO /■ + 00 

\U^xfgdX= I {dU^f,f) 

X) 

fi{dU^f,f) = {Af,f)=£if) 



giving Theorem |L1 



2.2. Proof of Theorem \L.2[ We follow the same hues as above. First by (g) and ( [121 ) one 
has for / G y 

||e'*^/Vl|oo<M(t)£:(/), 

leading to 

(16) |/(x)|2<4|(l-e-*^/2)/(x)|2 on {x G X | |/(x)|2 > 4M(t)£:(/)} . 

Then integrations in x and dt/t'^ give 



V 4£{f) 



(x) < 



1 



£(.f) Jo 



+ 00 



fl 



-tA/2\ j:\\2 dt 
)J\\2 
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where now M~^{y) = inf{t | M{t) > y} for the decreasing M. The right integral is computed 
by spectral calculus 

f+oo jj. r+oo r+oo jj. 

I m-e-'^/')f\\l§ = l I (l-e-*V2)^(dn,/,/)| 

hoo , f+oo r-i _ p-'u.\2 , 

' -du)X{dUxf,f) 







2^2 



r+co _ Q-u\2 r+oo f-^ _ p-u\2 

where 21 = ^ ^"^ = 2 In 2 as seen developing = I ^ when 

Jo u Je 

e\0. 



2.3. Proof of Theorem 1^. Here one compares levels of / to ||/||i instead of <?(/). Using 
F{X) = IIIIaIIi.oo one gets 

(17) |/(x)|2<4|n>A/(x)|2 on {x€X\\f{x)\>2F{X)\\f\\,}. 

This leads to (^) by integration as before, from which follows the Nash-type inequality (|6|) 
by applying Jensen inequality to the convex function (p and the probability measure dP = 
l/l^^/ll/lli- 

Remark 2.2. In the previous proofs, it appears clearly that the proposed controls of ultracon- 
tractive norms of spectral or heat decay are much stronger than the Sobolev and Nash-type 
inequalities deduced. Indeed these inequalities are twice integrated versions, in space and 
frequency, of the "local" inequalities ([l5|) , ([l6|) and ([T7|), that come directly from the ultra- 
contractive controls. Therefore it seems hopeless to get the converse statements in general. 
However one can get back from Sobolev or Nash to heat decay, in the case the heat is equicon- 
tinuous on L^; as due to Varopoulos in |15| for the polynomial case, and Coulhon in Q for 



more general decays. 

3. Relationships between inequalities 

3.1. From H-Sobolev to Nash. We compare and comment briefly the various results ob- 
tained. At first, in the classical polynomial case, Sobolev inequality ([l|) implies Nash' one 



12 

by Holder, see e.g. |^. In the general case here one needs some convexity assumptions to get 
a Nash-type inequality from H or N-Sobolev. 

Indeed, suppose either the H or N-Sobolev inequality (|3|) or (§) holds, and suppose (f is a 
convex function such that ip{y) < yG~^(y'^), resp. ip{y) < y/M'^^{y'^). Then by Jensen the 
following Nash-type inequality is satisfied 

/ ll/lli \ . 2£:(/)V2 21n2^:(/)V2 



If one can take ip{y) > CyG~^{y'^) for some constant C, this leads to 



^ ' 11/11? - ll/lli 
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In comparison, the Nash inequahty (^) provides 



if there exists a convex function tp such that CyF~^{y) < "0(2/) < yF^^{y). Up to constants 
this latter formula (^) is a priori sharper than ([T9|), since F{X) < AG(A) in general. 

Observe that one may have F{X) <^ XG{X) for very thick near-zero spectrum. For instance 
if F{X) = X/ In^ A then AG(A) = (— In A-l-l)F(A). Except this "low dimensional" phenomenon, 



one has AG(A) x -^(A) in the other cases, and thus the two Nash inequalities (19) and ( PQ| ) 
have same strength. For instance this holds if F{X) ~ X^^^(p{X) for some e > and an 
increasing ip > 0. This comes from the following remark. 

Proposition 3.1. Suppose there exists e > such that, for small X, F satisfies the growing 
condition F(2A) > 2(1 + e)F(A), then (2 + e-^)F(A) > AG(A) > F(A). 



Proof. By (|T3|), one has 



^ dF{u) F{X) F{u) 



G{X) = / — — = + / -Ar^du 
lo u X Jo 



2F(X) F(2u) , , , , 

< — h / -T— — ^du by hypothesis on F , 

leading to AG(A) < (2 + e-^)F{X) . □ 

As a curiosity, we note that under the growing hypothesis on F above, the spectral density 
of states F and the spatial repartition function H have symmetric expressions with respect to 
G and G~^. Indeed, one has simply there 

(21) F{X) X AG(A) while H{x) = xG-\x) . 



3.2. Spectral versus heat decay. One would like to compare the two Theorems |L1| and |1J 
They both lead to Sobolev inequalities starting either from the heat or spectral decay. One 
can compare F and G to L and M through Laplace transform of associated measures. 

Proposition 3.2. • In any case it holds that 

r+oo 

(22) L{t) < C{dF){t) = / e-^*dF{X) 

Jo 

f+oo 

(23) M{t) < C{dG){t) = e-^*dG{X). 

Jo 

• If A is an invariant operator acting on -sections of an invariant vector bundle V 
over a locally compact group F, then reverse inequalities hold up to the multiplicative factor 
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n = dimy, i.e. 

£{dF) < nL and C{dG) < nM . 

Moreover G{y) < neM{y~^) and H-Sobolev inequality (|3[) implies N-Sobolev (^), up to multi- 
plicative constants. 

• Reversely, for any operator, if G satisfies the exponential growing condition : 
3C such that Vn, y > , G{uy) < e^"G(y) , 
then M{y~^) < 3G{2Gy). Hence H and N-Sobolev are equivalent on groups in that case. 
Proof. • By spectral calculus e~^^Uv = ff^°° e'^^dUx = t f^l~°° e~^^Il\dX, hence 

r+oo 

L{t) = ||e-*^ny||i,oo < t / e-'^\\Ilx\\i,ood\ = C{dF){t) , 

Jo 

and thus 

/+00 r+oo r+oo r+oo „— At 

L{s)ds< / e-^'dF{X)ds = -^dF{X) = £{dG){t) . 



• For positive invariant operators P on groups, we will see in Proposition that the 
ultracontractive norm ||i-'||i,oo is pinched between the trace Tr(P) and nrr(P). This gives the 
reverse inequalities by linearity of rr. In particular one gets 



-oo r+oo 



nM{y-^) > / e-^/ydG{X) = y-^ / e-^/yG{X)dX 
Jo Jo 

r+oo 

> y-' / e-^/yG{y)dX = e~'G{y). 



y 



Therefore N{y) = y/M ^{y ^) < yG ^{ey) = e ^H{ey) and i/-Sobolev implies 



A- >4e£(/) 

• If G satisfies the growing condition, one has by (|2 

r+oo r+oo 

M{l/y) < / e-^/ydG{X) = / e-"'G{uy)du 
Jo Jo 

r2C r+oo 

< / e-"G(2Cy)dn+ / e-'^/^G{2Cy)du 
Jo J2C 

< 3G{2Cy) . 

□ 

We note that it may happen that N H for very thin near-zero spectrum. In an extreme 
case there may be a gap in the spectrum, i.e. A > Xq > 0, hence F = G = H = near zero, 
while L{t) X Ce--^*, M(t) x C'e"^* and N{y) x G"y/ln{y/G'). 
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4. UlTRACONTRACTIVE norms AND T-TRACE. 

For applications we now discuss some geometric aspect of the analytic spectral decay F{X) = 
||nA||i,oo we consider. 

In the case of operators invariant under the action of a group F, such hypercontractive 
norms are related to von Neumann F-dimension and trace. We briefly recall these notions and 
refer for instance to |jl3|, §2] for more details. However we will follow here a slightly different 
approach, as in ||l4|, §6.1] for instance, that covers also some non-discrete actions. 

Suppose that a locally compact group F (discrete or not) acts by measure preserving trans- 
forms on the space X with a finite quotient X/T. For instance, when F is discrete, X may be a 
covering space over a finite simplicial complex. Equivalently one can also take a d-dimensional 
invariant bundle V over a group F and set X = F x [1, d], so that L'^{X) ~ L'^{T) V^. 

The following straightforward proposition, see e.g. |jl4|, Prop. 6.4-6.6], leads to a definition 
of a "F-trace" in this setting. 

Proposition 4.1. Let T be a locally compact group and P be a T -invariant positive operator 
on L^{T) Ve- For any D C T with Haar measure < X{D) < +oo, consider the trace 

td{P) = \{D)-^T,{xdPxd). 

• Let S be the positive square root of P. Then T£){P) is finite iff Sxd is an Hilbert- Schmidt 
operator. In that case the kernel of S is Ks{x,y) = ks{y~^x) with ks G L^(F), while the 
kernel of P is Kp{x,y) = kp{y~^x) with kp = ks * ks £ C'o(F), and it holds that 

td{P) = j^TTyXk*s{x)ks{x))d\{x) = TvvAkp{e)) • 

In particular this trace is independent of D. It will be denoted by rr and called (improperly) 
the T-trace in the sequel. 

• If moreover F is unimodular, and P is a (not necessarily positive) T -invariant bounded 
operator, then ty{P*P) = ty{PP*). Hence rr actually defines a faithfid trace in that case. 

We recall that this last trace property allows to get a meaningful notion of dimension for 
closed F-invariant subspaces L C H = L^(F) (g) Ve. Indeed, one sets then dimp-L = Trr(n2,). 
This satisfies the key property dimr/(L) = dimr L for any closed densely defined invariant 
injective operator / : L — > i7, see e.g. ||l3|, §2] or §3.2]. 

On any locally compact group, the F-trace of P is easily compared to its ultracontractive 
norm. 

Proposition 4.2. Let P be a positive T -invariant operator acting on L'^{X) = L'^(r) Ve 
with kernel Kp{x,y) = kp{y~^x), then 

\\P\\i,oc = \\kp{e)\\ < Tr(P) < (diml4)||P||i,oo • 

Proof. In general one has ||-P||i,oo = sup ||Erp(x, y)||, and by positivity of P, 

x,y 



2\{Kp{x,y)u,v)\ < {Kp{x,x)u,u) + {Kp{y,y)v,v) 
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Therefore ||-P||i,oo = sup ||i^p(x, x)|| = ||A:p(e)|| for an invariant operator. Here 

X 

||A;p(e)|| = sup ||A;p(e)t;||y^ = sup {kp{e)v,v) 

\\v\\<l \\v\\<l 



for the positive kp{e), while Tr(P) = Trv-^(A;p(e)) by Proposition 4.1. □ 



As a consequence, already used in Proposition |3.2| , the norm ||i-*||i,oo is, up to multiplicative 
constants, a linear form on positive P. This gives also the converse inequalities to (11) and 



(|12|) in Proposition ^Jj for invariant operators on groups. Indeed it holds in this case that 

\\A-^Ux\\i,oo >^ rr{A-^Ux) ^ G{X) 

(24) 

p-'e-*^||i,oo ^< rr(.4-^e-*^) X M(t) , 
due to the equalities TriA^^e^*"^) = J^"^ Tr{e~^^)ds and 



MA-^Ux) = r u-^dTT{n^) = A-Vr(nA) + /\-Vr(n„ 

Jo Jo 



)du . 



Its relation to the F-trace allows to estimate the ultracontractive spectral decay F{X) of A 
in some simple cases. Namely, following Dixmier |||, §18.8], if the group T is locally compact 
unimodular and postliminaire, there exists a Plancherel measure /i on its unitary dual T, 
together with a Plancherel formula that gives here 

(25) F{\) = IIHaIIi.oo ^ Tvilix) = I TV(nI(0)d//(e) • 

Jg 

For instance, in the case of the Laplacian A on W^, the spectral space Ex{A) is the Fourier 
transform of functions supported in the ball -6(0, \/A) in (M",d//) ~ (M", {2n)^^dx), hence 

F(A)=/i(B(0,VA)) = C„A"/2, 

with Cn = (27r)""vol(S„). This leads to 



G(A) = ^A"/2-i and /7(x) = xG-^(x) '^^ 



n — 2 \ nC^ 

so that finally (^) gives the classical Sobolev inequality in 

1 /nvol(i?„)\ ^ 



ll/llw,.-.,<i(^)^N/lb. 



Yet we recall that the best constant here is 2(n(n — 2))~-'^/^area(S'")~^/", see 

Still on M", one can get some general algebraic expression of F{\) for positive invariant 
differential operator A = ajdxj- Let a{A){^) = Y^j ai{i(,)^ be its polynomial symbol. Then 
again the spectral space Ex{A) consists in functions whose Fourier transform is supported in 

I)a = {e G I <T{A)iO < A} 

and 

F(A) = (27r)-"vol(Z)A). 
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The asymptotic behaviour of F{X) when A \ can be obtained from the resolution of the 
singularity of the polynomial cr{A) at 0. Indeed, there exists a E Q"*" and k £ [0, n — 1] n N 
such that 

F(X) ~ CA"|lnA|\ 

see e.g. Theorem 7 in ||l|, §21.6]. Moreover, under a non-degeneracy hypothesis on a{A), the 



exponents a and k can be read from its Newton polyhedra. Then if a > 1, Proposition pA 
yields that G(A) x A^-^jlnAI^ Therefore G'^iu) x ^^/("-i) | ln'u|-'=/("-i) and finally the 

i?-Sobolev inequality is governed in small energy by the function 

H{u) >i u°'-^\ln{u)\ Q-i for u^l. 

5. Spectral density and cohomology 

To apply the previous results, we suppose now that i^T is a finite simplicial complex and 
consider a covering F — > X — > IT. Let dk be the coboundary operator on fc-cochains of X. 
As a purely combinatorial and local operator, it acts boundedly on all ^^-spaces of cochains 
FX", see e.g. [| 0]. 

Let Fr fc(A) denotes the F-trace of the spectral projector 11;^ = x(]0, A]) of ^ = d^dk- By 
Proposition ^ this function is equivalent, up to multiplicative constants, to the hypercontrac- 



tive spectral decay -F(A) = ||nA||i,oo- Thus Theorem [LJ is a direct application of Theorem 



1.1 



e2 



in the polynomial case. This statement compares two measurements of the torsion of 

cohomology T^^'^ = dkii^) /dk{f) that share some geometric invariance. We describe this 
more precisely. 

We first recall the main invariance property of Fr,A,.(A). We say that two increasing functions 
/,5 : M+ ^ M+ are equivalent if there exists C > 1 such that /(A/C) < g{X) < f{CX) for A 
small enough. According to ||, ||, |ll| we have : 



Theorem 5.1. Let K be a finite simplicial complex and T ^ X ^ K a covering. Then the 
equivalence class of Fr^k only depends on T and the homotopy class of the {k + l)-skeleton of 
K. 

One tool in the proof is the observation that an homotopy of finite simplicial complexes 
F and G induces bounded F-invariant homotopies between the Hilbert complexes {l'^X",dk) 
and {i'^Y",d'^). That means there exist F-invariant bounded maps 

fk : d^X" . ^2yfc ^ fj^k 

such that 

fk+idk = d'kfk and gk+id'k = dkQk 

and 

Qkfk = Id + dk-ihk + hk+idk and fkQk = Id + 4-i^fc + ^fe+i4 
for some bounded maps 

hk : i'^X'' ^ ex"-^ and h'k : ^ ^2yfc-i_ 
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All these maps are purely combinatorial and local, see e.g. |l4|, and thus extend on all 
spaces of cochains. 

One can show a similar invariance property of the inclusion (^) we recall below, but that 
holds more generally on uniformly locally finite simplicial complexes, without requiring a group 
invariance. These are simplicial complexes such that each point lies in a bounded number N{k) 
of fc-simplexes. 

Proposition 5.2. Let X andY be uniformly locally finite simplicial complexes. Suppose that 
they are houndedly homotopic in i'^ and norms for some p >2. Then one has 

(9) dkiPX'^f Cdkii^X'^), 

if and only if a similar inclusion holds on Y . 



Proof Suppose that dk{i'^X^) c dkii^X'') and consider a sequence an = d'^{(3n) G d'^i^^Y'') 

£2 

that converges to a G dk{(?'Y^) in 

f. 

Then gk+iUn = dk{gk(3n) 9fc+i« £ dk{PX^) . Therefore there exists (3 G i'^X'^ such 
that Qk+iO- = dkP- Then taking £^-limit in the sequence 

fk+lQk+lOln = Oln+ d'kh'j^^ian + ^fc+2^fc+l'^n = + dfc^fc+ian 

gives 

d'kifkP) = fk+idkP = a + d'kh'k+^a , 
and finally a G d',^{P'Y'') since ^^y^ c FF'^ for p > 2. □ 

The inclusion (^) we consider here is related to problems studied in cohomology. We 
briefly recall this notion and refer for instance to for details. If X is a simplicial complex 
as above, one considers the spaces 



Z^q{X) = ker 4 n PX'' and ^^^^(X) = n ^^X^ . 

Then the ^^'''-cohomology of X is defined by 

H';^^{X) = Zl{X)/Bl^^{X). 
Its reduced part is the Banach space 

hI^{x) = z^{x)/bI^^{x) , 

while its torsion part 

Tp^qiX) = Bp^g{X) / Bp^y{X) 
is not a Banach space. These spaces fit into the exact sequence 

^ T^^^iX) ^ H^^giX) ^ H'^^giX) ^ . 

It is straightforward to check as above that, for p > q, these spaces satisfy the same homo- 



topical invariance property as in Proposition 5.2 
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Proposition 5.3. Let X andY be uniformly locally finite simplicial complexes. Suppose that 
they are boundedly homotopic in P and i'^ norms for p > q. Then the maps fk : tX^ tY^ 
and Qk '■ i*Y^ f*X^ induce reciprocal isomorphisms between the ^^'^ cohomologies of X and 
Y , as well as their reduced and torsion components. 



In this setting, the vanishing of the ^^'^-torsion is equivalent to the closeness of 

Pv 



= dkii^X^) n ^2x^+1 in ex^+^, i.e to the inclusion 



dk{tpxk) n i'^xk+-^ c dkiPx'') n rx* 

This implies the weaker inclusion (P), but is stronger in general unless the following holds 

(26) 4 {P'x'') n ex^^'^ C dkil^X^f . 

Now by Hodge decomposition in f^X^^^^, one has always 

dkiex'') n fx''^^ C ker 4+1 n fx''+^ = H2'^\X) 0^ dki^X^f . 

Hence (|26|) holds if the reduced f^-cohomology H^'^{X) vanishes, proving in that case the 
equivalence of (^) to the vanishing of the ^^'^-torsion, and even to the identity 



(27) := dk{PX^) n fX^+^ = dk{i^X^) , 

which is clearly closed in i'^. 

Corollary 5.4. Let K be a finite simplicial space and T ^ X ^ K a covering. Suppose that 
the spectral distribution Fr.fc of A = d^dk on (ker4)^ satisfies Fr,fc(A) < CA"/^ for some 
a > 2. Suppose moreover that the reduced i^-cohomology H2 (X) vanishes. 

Then (27) and the vanishing of the P^''^ -torsion Tp^'^{X) hold for 1/p < 1/2 — 1/q. 

For instance, by @, infinite amenable groups have vanishing reduced f^-cohomology in all 
degrees. 
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